We study two-flavor neutrino oscillations in homogeneous neutrino gases in which neutrinos and anti-neutrinos are in nearly pure weak interaction states initially. We find that the monopole and dipole oscillation modes can trigger flavor instabilities in the opposite neutrino mass hierarchies in a nearly isotropic neutrino gas. For a class of simple neutrino systems we are able to identify the normal modes of neutrino oscillations in the linear regime. Our results provide new insights into the recently discovered multi-azimuthal angle (MAA) instability of neutrino oscillations in supernovae.
I. INTRODUCTION
The neutrino oscillation phenomenon provides the first piece of solid evidence of the physics beyond the standard model of particle physics (see, e.g. [1, 2] for reviews). Although neutrino oscillations in vacuum and matter are generally well understood, flavor oscillations in dense neutrino media, especially in a core-collapse supernova, are still being intensely investigated, and new phenomena are continously being discovered, mostly through numerical simulations (e.g. [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] ; see [13] for a recent but incomplete review). The complexity of the flavor oscillations in a dense neutrino medium lies in the nonlinear, neutrino-neutrino scattering potential which can engender collective neutrino flavor transformation.
To make the problem of collective neutrino oscillations more tractable, certain assumptions were universally adopted. For example, it was assumed that both the number fluxes (or, in terms of transport theory, the 0th angular moment of the distribution function) and flavor content of neutrinos were homogeneous and isotropic in the early Universe (e.g. [14] [15] [16] ). For core-collapse supernovae it was assumed that both the number fluxes and flavor content of neutrinos were spherically symmetric about the center of the neutron star as well as axially symmetric about any radial direction from the neutron star [17] .
In an early study [18] it was shown that angledependent flavor transformation can occur in a homogeneous, symmetric, bipolar neutrino gas in which neutrinos and anti-neutrinos have equal densities. It turns out that this phenomenon is much more common than previous expected. It was recently pointed out [19] that, even if the flavor content of supernova neutrinos is (approximately) axially symmetric on the surface of the neutron star, it will no longer be so after the so-called multi-azimuthal angle (MAA) instability of neutrino oscillations has fully developed. This claim seems to be supported by the linear stability analysis [19] and some direct numerical simulations [20, 21] . This finding calls * duan@unm.edu into question almost all the previous calculations in literature because the existing calculations on collective neutrino oscillations in supernovae, including those in [19] [20] [21] , assume the flavor content of supernova neutrinos to be spherically symmetric about the neutron star, which is not true once the axial symmetry is broken.
The stability analysis of the linearized of equations of motion (e.g. [22] [23] [24] ) seems straightforward by itself. However, the mathematical criteria for neutrino flavor instabilities that are derived from this method are not necessarily physically transparent or intuitive [25] . To provide some insight for the arise of the MAA instability a simplistic two-beam model was proposed [25] . It was shown that in this model two collective oscillation modes, known as the symmetric and anti-symmetric modes, exist, and they behave like pendulums when the other mode is absent.
In this paper we focus on homogeneous neutrino gases in which angle-dependent neutrino flavor transformation can be studied in a self-consistent way. In Section II we revisit the single-energy, symmetric bipolar systems which were previously studied in literature. We identify the normal modes of these systems in the linear regime. We show that the monopole and dipole modes are unstable in the opposite neutrino mass hierarchies, and that all other multipole modes are stable in the linear regime. In Section III we generalize our study to other homogeneous and isotropic neutrino gases. We also discuss how to use our results to gain new insights into the newly discovered MAA instability of neutrino oscillations in supernovae. In Section IV we give our conclusions.
II. NORMAL OSCILLATION MODES IN MONOCHROMATIC, SYMMETRIC, BIPOLAR NEUTRINO GASES

A. Equations of Motion
For two-flavor neutrino oscillations the flavor content of a neutrino or anti-neutrino can be described by its "flavor isospin" [26] . (See Appendix A for a more detailed discussion of the neutrino flavor isospin.) The flavor isospin of a neutrino can be defined as s = ψ † (σ/2)ψ, and that of an anti-neutrino can be defined as s = (σ 2 ψ) † (σ/2)(σ 2 ψ), where ψ is the flavor wavefunction of the neutrino or anti-neutrino, and σ i (i = 1, 2, 3) are the standard Pauli matrices. The flavor isospins of a neutrino and an anti-neutrino of the same energy E are distinguished by their oscillation frequencies ω = ±∆m 2 /2E, where the plus and minus signs apply to the neutrino and the anti-neutrino, respectively, and ∆m 2 is the neutrino mass-squared difference.
The flavor isospin of a neutrino or an anti-neutrino obeys an equation of motion (EoM) which is similar to that of a magnetic dipole coupled to both the external magnetic field and other dipoles. For a homogeneous neutrino gas one has
where s ω,v is the flavor isospin for the neutrino or antineutrino with oscillation frequency ω and velocityv, G F is the Fermi coupling constant, and n ω,v is the number density of the corresponding neutrino. For vacuum oscillations H 0 is a unit vector tilted away from the unit basis vector e 3 in flavor space by angle 2θ, where θ is the vacuum mixing angle. When a large matter density is present, one can take into account the matter effect by setting H 0 ≈ e 3 and θ 1 [26, 27] . Here we assume that the latter case is true.
Note that the coupling coefficient between two neutrinos of velocitiesv andv is proportional to 1−v·v , which is because of the current-current nature of (low-energy) weak interaction.
Throughout this paper we use the convention that = c = 1, and we assume neutrinos to be relativistic, i.e. |v| = 1.
In this section we focus on single-energy, symmetric, bipolar systems which were the first systems studied for collective neutrino oscillations [14, 15, 18, [26] [27] [28] [29] . We consider a homogeneous neutrino gas which consists of neutrinos and anti-neutrinos of the same energy E 0 . We assume that the neutrino and anti-neutrino of the same velocityv have equal number fluxes (i.e. n ω0,v = n −ω0,v , and thus "symmetric" ) and opposite flavor isospins (s ω0,v (0) ≈ −s −ω0,v (0), and thus "bipolar") at time t = 0. In literature it was usually assumed that the neutrino number fluxes were angle independent, i.e. n ω0,v = n tot /4π, where n tot is the total neutrino number density. Here we allow a non-trivial angle distribution
For such a system we define
From Eq. (1) it is easy to show that dv and gv obey EoMḋv
In the above equations, the dot ("·") symbol denotes the differentiation with respect to dimensionless time τ = |ω 0 |t, η is the signature of the neutrino mass hierarchy and η = +1 for the normal neutrino mass hierarchy (NH, ∆m 2 > 0) and −1 for the inverted neutrino mass hierarchy (IH, ∆m
n tot is a dimensionless measure of the interaction strength between flavor isospins (as well as a measure of the neutrino density)
1 , and dΩv is the differential solid angle with respect to directionv .
We assume that at τ = 0, all the neutrinos and anti-neutrinos are almost purely electron-flavored, i.e s ω0,v (0) ≈ −s −ω0,v ≈ e 3 /2. To study the development of collective oscillation modes we shall focus on the linear regime in which
In this regime Eq. (4) simplifies aṡ
where we have ignored all the terms of order O(|qv| 2 ) or higher.
B. Two Colliding Neutrino Beams
A simple but inspiring example of bipolar system was discussed in [25] which consists of only two neutrino beams with angle distribution
where ϑ and ϕ are the polar (or zenith) and azimuthal angles ofv, respectively 2 .
For the two-beam system we definẽ
where subscripts 1 and 2 refer to the beams with ϕ = 0 and π, respectively. From Eq. (6) we obtaiṅ
In other words, the plus and minus modes are independent of each other in the linear regime. We note that in the linear regime d's and q's are perpendicular to H 0 . Therefore,
whereq + is the amplitude ofq + . In the NH case (η = +1)q
where γ = √ 1 + ηµ, and the plus mode is always stable. In the IH case (η = −1), however,
where κ = √ µ − 1. Therefore, the plus mode is unstable only in the IH case and when µ > 1, and it is stable otherwise.
For the minus mode we note that (−d − ,q − ) follow the same EoM of (d + ,q + ) but with η → −η. Therefore, the minus mode is unstable only in the NH case and when µ > 1.
In Fig. 1 we show the development of the plus and minus modes in the linear regime for a two-beam system with µ = 10. The numerical calculations are in good agreement with the analytic expectations for these modes.
C. An Axial Ring of Neutrino Beams
As another example we consider an axially symmetric ring of neutrino beams with angle distribution
For this system we definẽ
where Φ m (ϕ) = e imϕ / √ 2π (m = 0, ±1, ±2, . . .) form a complete, orthonormal basis for functions of ϕ defined on [0, 2π).
the EoM of the modes with different m values are decoupled in the linear regime:
where the effective coupling coefficient
We note that the oscillations of the |m| > 1 modes do not depend on neutrino densities, and they are always stable. We also note that the angle-independent mode (with m = 0) behaves like the plus mode in the two-beam system, and the m = ±1 modes behave like the minus mode but with the effective neutrino number density reduced by a factor of 1/2.
These results again agree with our numerical calculations (see Fig. 1 ).
D. Isotropic Neutrino Fluxes
As the last example we look at the bipolar system with isotropic neutrino number fluxes with
In literature it was usually assumed that the flavor content of the neutrino fluxes was also isotropic. (In [18] it was assumed that the flavor content of neutrinos was axially symmetric.) We do not make such assumptions here. For the isotropic-flux system we definẽ
where Y l,m are the spherical harmonics. Because
the EoM of the modes with different (l, m) values are decoupled in the linear regime: where the effective coupling coefficient
We note that the l > 1 modes in the isotropic-flux system are like the |m| > 1 modes in the axial-ring system, and they are always stable. We also note that the monopole mode (l = 0) behaves like the plus mode in the two-beam system, and that the dipole modes (l = 1) behave like the minus mode but with the effective neutrino number density reduced by 2/3.
These results indeed agree with our numerical calculations (see Fig. 1 ).
III. EXTENSIONS AND DISCUSSION
The techniques discussed in Section II can be applied to more general systems. A simple but useful generalization is the monochromatic, homogeneous, isotropic (in terms of neutrino number fluxes), non-symmetric bipolar gas. In a non-symmetric system the number densities of the neutrino and anti-neutrino are not the same but are related byn
wheren tot is the total number density of the antineutrino. Again we assume that s ω0,v ≈ s −ω0,v ≈ e 3 /2 at τ = 0. For such a system we define
In the linear regime where |qv| 1 we obtaiṅ
In the reference frame which rotates about H 0 by frequency (1 − α)µ/2 we obtaiṅ
The EoM of d's and q's again decouple in the spherical basis.
We note that the l > 1 modes oscillate with frequencies ω in the co-rotating frame and that they are always stable. The monopole mode (with l = 0 andμ 0 = µ) has been well studied in literature [22, 26, 27, 29] . This mode is unstable only in the IH case and when
For the dipole modes (with l = 1 andμ 1 = −µ/3) we note that (−d 1,m , q 1,m ) obey the same EoM of (d 0,0 , q 0,0 ) except with replacements
This implies that the dipole modes are unstable only in the NH case and when
One can further generalize these techniques to homogeneous and isotropic neutrino gases with continuous energy spectra. In such systems the oscillation modes with different (l, m) are not coupled in the linear regime. The monopole modes with different ω's are coupled, and these modes can engender the angle-independent collective flavor transformation which was studied in the literature for neutrino oscillations in the early Universe and that for the single-angle approximation of supernova neutrinos. The dipole modes with different ω's are also coupled. The results of the monopole modes can be applied to the dipole modes with appropriate replacements similar to Eq. (28) .
We note that, however, the multipole modes are no longer decoupled once the unstable monopole or dipole modes grow out of the linear regime. The convolution of the multipole modes can but not always result in kinematic decoherence [18, 30] . In any case, it is not always justified to assume that the flavor content of neutrino fluxes will remain isotropic even if both the number fluxes and the flavor content of a homogeneous neutrino gas are (approximately) isotropic initially.
The geometric nature of the supernova environment is much more complicated than that of a homogeneous neutrino gas. A generalization to the "neutrino bulb model" [17] was studied in [19] [20] [21] . Like in the original bulb model, both the number fluxes and the flavor content of neutrinos in the generalized bulb model are spherically symmetric about the center of the neutron star at all radii, and they are also axially symmetric about any radial direction on the surface of the neutron star. In the generalized bulb model, however, the flavor content of neutrinos are not assumed to be axially symmetric at all radii.
Because of the initial axial symmetry on the surface of the neutron star, one can apply the techniques discussed for the axial-ring and isotropic-flux models in Section II to the generalized bulb model. It is straightforward to see that the |m| > 1 modes should always be stable in the linear regime. It is also obvious that the newly discovered MAA modes have m = ±1 and behave like the minus modes in the two-beam systems. The well known bipolar/bimodal mode and the newly discovered multizenith-angle (or MZA) mode [19] both have m = 0 3 . As in the axial-ring model, the bipolar and MAA modes in the generalized bulb model are responsible for the flavor instabilities in the opposite neutrino mass hierarchies. This result indeed agrees with what was shown in [19] . In addition, the effective neutrino number densities of the MAA modes is a fraction of that of the bipolar mode. (This fraction can be different from those in the axial-ring and isotropic-flux models because of their different dependence of the neutrino beams and, therefore, the neutrino-neutrino scattering potential, on polar angles.) This implies that the MAA modes can become unstable closer to the neutron star than the bipolar mode does. [One can see this by, e.g. comparing Eq. (29) to (27) .] This result also agrees with what was shown in [19] .
We emphasize that the generalized bulb model studied in [19] [20] [21] is not entirely self-consistent because the MAA modes break the axial symmetry about the radial direction. Even if the bipolar mode is unstable in the linear regime, the azimuthal-angle dependent and independent modes become coupled once the unstable mode(s) grows out of the linear regime, which can also break the axial symmetry. In a supernova neutrino model the spherical symmetry breaks down once the axial symmetry about any radial direction is lost. Therefore, one needs to go beyond the spherical supernova model in studying azimuthal-angle-dependent collective neutrino oscillations even if everything else (the matter density, over all neutrino number fluxes, etc) in the supernova is spherically symmetric.
IV. CONCLUSIONS
We have studied the flavor oscillation modes in homogeneous neutrino gases. We have identified the normal modes of neutrino oscillations in the linear regime for the monochromatic two-beam, axial-ring and isotropicflux neutrino systems with the symmetric bipolar configuration. We have shown that, because of the currentcurrent nature of (low-energy) weak interaction, only the monopole and dipole modes (or the plus/symmetric and minus/anti-symmetric modes in the case of a two-beam system) could trigger significant flavor transformation in the opposite neutrino mass hierarchies. All other multipole modes are stable in the linear regime.
We have also discussed how to generalize the results found in the above models to other systems such as non-symmetric bipolar gases and homogeneous, isotropic gases with continuous neutrino energy spectra.
Our study provides new insights into the recent discovery of the MAA flavor instabilities of supernova neutrinos. The bipolar mode and the MZA mode in the generalized neutrino bulb model are the m = 0 modes while the MAA modes have m = ±1. The bipolar mode and the MZA/MAA modes are responsible for flavor instabilities in different neutrino mass hierarchies. The MAA modes can become unstable at a radius smaller than that of the bipolar mode in the opposite neutrino mass hierarchy, which makes them more interesting for supernova nucleosysthesis. However, we also note that, if the azimuthal-angle dependent modes are ever important (whether inside or outside the linear regime), supernova neutrinos cannot be treated self-consistently in a spherical supernova model anymore.
Similarly, the flavor content of an anti-neutrino is represented by a flavor isospin with ω < 0 (ω > 0) if ∆m 2 > 0 (∆m 2 < 0). For an anti-neutrino represented by flavor wavefunction ψ, its flavor isospin is
In particular, a pure ν e is represented by s = e 3 /2, and a pureν e is represented by s = −e 3 /2, where e i (i = 
where H 0 ≈ e 3 (because we set vacuum mixing angle θ ≈ 0).
One of the main advantages of the concept of flavor isospin is that the neutrino and the anti-neutrino are treated on an equal footing in this formalism.
